In-Place Averaging The in-place averaging method is based on the application of the one-cycle averaging operation to each branch variable in a switched circuit, e.g.
Introduction
This paper studies the existence and synthesis of non-switched circuits that exhibit the dynamics described by the state-space averaged model of a given switching power converter. An averaged circuit representation for a switching converter is of use for analysis] circuit-based simulation, and obtaining engineering intuition into the operation of the circuit. In order that the averaged circuit be most useful, it is desired that this model resemble as closely as possible the underlying switched circuit. The method of in-place or direct circuit averaging pioneered by Wester and Middlebrook [7] is a natural approach for obtaining averaged circuit models. With this method, one attempts to replace each element of the switched converter circuit by an appropriate "averaged element." The main contribution of this paper is in extending the earlier results of [7] (and others) on averaged circuit synthesis. In particular, we give a systematic approach for synthesizing averaged circuit models that realize their respective state-space averaged models. One of the most interesting extensions offered by our work is that our synthesis procedure is applicable to switched circuits whose non-switch elements may be nonlinear. This is not a feature of any previous work. ' The first author has been partially supported by an IBM fellowship. The second author has been supported by the h.iIT/Industry Power Electronics
Coliegirrm and by the Air Force Office of Scientific Research under Grant AFOSlt-88-0032. 
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T t-T for some branch current where the averaging interval T is selected to be equal to the fundamental period of the cyclic operation of the switches. A fundamental property of the resulting averaged branch variables is that these variables satisfy the same topological constraints, namely Kirchhoff's current and voltage laws (KCL and KVL), as the respective variables in the non-averaged circuit. This follows from the facts that the constraints imposed on the circuit branch variables by KCL and KVL are inherently linear algebraic constraints, and apply identically at each time instant. A first step in the synthesis of an averaged circuit is then to consider a circuit that is topologically equivalent to the underlying switched circuit. In order to complete the synthesis, we need to specify averaged circuit elements that are consistent with the one-cycle averaged branch variables.
The reactive elements of the underlying circuit are preserved intact in the averaged circuit.. To see why, we can consider without loss of generality a nonlinear multiport capacitor, represented by the state-space description where f ( e ) (assumed to be continuous) is the gradient of a scalar function, i.e. f ( q ) = VW(q) where W(q) is the internal energy of the capacitor to within an additive constant. Consider the application of the one-cycle averaging operation (1) to this element. The averaging operation commutes with differentiation with respect to time since
and therefore, we have q' = ;
. In general B # f(ij). However, for continuous waveforms and for continuous f(*) in (2), the approximation B M f(q) approaches equality arbitrarily closely for sufficiently small T . This approximation is identical to that made in state-space averaging [2, 3] in the context of state-space models for power circuits. The linear resistive elements and sources of the underlying circuit are also preserved intact in the averaged circuit, which can be demonstrated by the application of the one-cycle averaging operation to the terminal waveforms of these elements. The preceding discussion motivates the following theorem for circuits built from LTI resistive elements, ideal sources, and one controlled switch. The theorem refers to a circuit partitioned as in Figure 1 , and requires the following two assumptions. We give a more general synthesis procedure in the following section that is independent of any specific coordinate system.
To obtain the averaged model, one therefore only needs to compute the hybrid immittance H22 seen by the switch two-port, and then determine a synthesis for a scaled version of this hybrid immittance function. The linear resistive two-port synthesizing H,(d) is passive (reciprocal) if the resistive multiport H R is also passive (reciprocal), since scaling a hybrid matrix by a positive real number preserves these properties. The following example illustrates the use of this result. Example: Up-Down Converter Figure 2 shows a model of an up-down converter that includes parasitic resistance in series with the voltage source. It is straightforward to evaluate the immittance seen by the switch two-port:
To realize the resistive two-port that replaces the switch network, we synthesize a resistive two-port (see [4] ) for H,
The resulting averaged circuit is shown in Figure 3 . Note that circuit. This 'extra' resistance is required to appropriately realize the one-cycle averaged behavior. Some previous work [6, 71 on this problem resulted in averaged circuit models that did not include this resistance, but simply replaced the switch pair with an ideal transformer. Middlebrook and Cuk [3, 51 synthesized averaged circuit models that included this resistance for certain example switched circuits, but their approach to averaged circuit synthesis was not as general as that given here. The recent work of Vorperian [16, 171 and of Tymerski et. al. [6] uses a very similar approach in constructing an averaged model. The paper of Lee [18] also has many similar ideas and results. The main contribution of Theorem 2.1 is in streamlining the procedure for constructing the averaged model, and in making explicit the dependence of the averaged switch network on the non-switch circuit elements such as series resistance (ESR) associated with a voltage source or capacitor.
Averaged Circuit Synthesis with Nonlinear Elements
As previously discussed, nonlinear reactive elements, linear resistive elements, and DC sources are preserved intact by the onecycle averaging procedure. The type of element that can present difficulty is a nonlinear resistive element. To see why, consider 680 by this network on the switch port variables with the relation where the dependence upon the switch configuration is not,ed with the subscript U . The composite constraint imposed by the interconnection of the three multiport networks takes the form
(9)
The composite constraint relation (9) 
With the in-place averaging method, the one-cycle averaged switch variables take the form (10) -
where xi, is the value of the vector of switch branch variables when the switch configuration is U . Since, by hypothesis, each branch variable in the circuit is well defined for each switch configuration, we can determine the functional form of 2 1 , in terms of the vector v from the constraints (9), i.e. Figure 4 . Evidently, the average of the two operating points corresponding to the two different switch configurations is not a point on the operating characterist,ic for the nonlinear resistor. For this reason, nonlinear resistors riccd to be treated with care in constructing an averaged circuit. Actually, it is only the nonlinear resistive elements that have discontinuous waveforms that need to be treated differently from the other clcments. If the terminal waveforms for a nonlinear resistor are continuous, the waveform trajectory will lie on a connected section of the resistor current-voltage characteristic. Therefore, the nonlinear resistor characteristic will be preserved by the onecyclc averaging operation in the limit of infinitesimally small T , I 'rovidcd the resistor characteristic is smooth. In light of this rcquircment, we need the following.
Assuniption 3.1 All network constitutive relations are C'.
Wc shall demonstrate a procedure for constructing an av-(.raged circuit model for a switched power converter that contains nonlinear resistive elements that have discontinuous terminal wa.vcforms. The method lumps the nonlinear resistive element into a. multiport network with the switch branches. To carry out tlic avcraged circuit synthesis, Assumptions 2.1 and 3.1 are reqiiircd. Consider the partitioned switched circuit of Figure 5 where dl1 sources are absorbed into the nonlinear resistive multiport. The multiport on the right-hand side of the figure includes all the noiilincar resistive elements that have discontinuous waveforms (switchcs included as well). For convenience, we shall refer to this miiltiport as the switch multiport, since it contains at least the switch branches. Let x denote the vector of switch port variables, 7) dcnote the vector of inductor currents and capacitor voltages, aiid y denote the vector of inductor voltages and capacitor currents. The development will use contraint relations [8, 111 for tlic various subnetworks in Figure 5 . We shall construct the constraint, relation for the nonlinear resistive multiport (centered in Figure 5 ) in two stages. Firstly, denote the constraints imposed Now we require conditions under which we can characterize a manifold in which the vector f is constrained to lie. This characterization should be independent of the vector v of the reactive circuit variables. The characterization can be made implicitly via a constraint relation, i.e.
or with an explicit parametrization. In the previous subsection where we considered the case in which the resistances were linear, this manifold was a subspace of R4.
Our main result is the following:
Theorem 3.1 A suficient condition for the construction of an explicit characterization of the manifold in which the averaged switch vectorf must lie is that the function CZ(v,x) that appears in the second constraint of (9) is separable into two additive terms, i. e.
Note that a representation Cz(v, x) is not unique, and the separability property may depend upon the particular choice for this representation. However, the statement holds as long as there exists some representation Cz(v, x) that is separable.
Proof: To demonstrate sufficiency, we give a constructive procedure for characterizing the desired manifold. Begin by forming the two functions go(*) and SI(*) which give the explicit solution z for each value of U . Note that these functions take the form (for U = 0 , l ) This is typically a two dimensional manifold embedded in R4, and is certainly two dimensional for the extreme cases d = 0 , l . Equation (17) gives an explicit parametrization of the manifold in which the vector f of averaged switch port variables must lie. In many cases, it is possible to determine a global implicit representation for this manifold of the form (13) by eliminating the parameter m in (17). (17) Example: Converter w i t h Nonlinear Source Resistance Consider the up-down converter with nonlinear source resistance that is shown in Figure 6 . In this example, it is possible to lump the nonlinear resistive branch that has discontinuous waveforms with the switch network, but without increasing the number of ports of this network. This is illustrated in the figure. With gives an explicit parametrization of the desired two dimensional manifold in terms of the parameters w1 and w2. This function takes the form
(24)
The characterization (24) in terms of the variables wl and w2 is an adequate representation of the two-dimensional manifold to which the average switch variables are constrained. However, it is possible to eliminate the parameters w 1 and 202 by combining the lines of (24) to obtain an implicit representation of the manifold, i.e. a constraint relation. The constraint relation takes the form
We can obtain a n equivalent hybrid representation for the resistive network described by (25) as follows:
The hybrid representation suggests a synthesis involving an ideal transformer and a two terminal nonlinear resistor. This synthesis is shown in Figure 7 . The method of circuit averaging developed in this paper can be applied to converters operating in the discontinuous conduction mode. See [14, I~u t n r e Work The results on averaged circuit models in this pa-1)cr aiid elsewhere in the literature are applicable only to the class of swit,ching power converters that have well defined state-space iivc,r;igcd models. These converters have switching frequencies t,lt;i.t, are significantly higher than the bandwidth of the averaged circiiit dyna.mics. The class of resona.nt converters [l, 91 can be itiotlt,led with neither the usual state-space averaging techniques i i~r t,lic a.vailable averaged circuit representations. It is of interest 1. 0 tlvvclop an averaged circuit modeling technique for resonant c.oiivc>rtcr circuits. This development might possibly follow along t,ho liiics of the in-place averaging scheme used here and in [7] . 111 tliis case, it would be necessary to replace not only the switch iivt,work, but also the L -C resonant tank elements. Because the wsoiimt tank exhibits nontrivial low frequency dynamical behavior [I] , it would be necessary to replace the tank and switch eleiiwiit,s with a dynamical network, rather than a resistive network. 'l'ltis hpic rema.ins as a subject for future research. 'rlicre are many other related areas for future study. One such 1,oI)it: of interest is the characterization of limit cycles of in periotlic'illly switched converter circuits. We would like to investigate tlic. rclationship between the existence of an unique equilibrium for ill1 averaged circuit model and the existence of an unique limit c y l c for the underlying periodically switched circuit. This will Iw t,lic subject of a future publication. Note that there has been coiisitlcrable interest in this topic with some results available in [12, 131. 
